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Abstract. We study the change of the probe field group velocity from subluminal
to superluminal range for two kinds of closed three-level V-type system with
spontaneously generated coherence and incoherent pumping field. For the first kind
of the V-type system we deduce the analytical formula of the group velocity, while
for the second kind of the V-type system we solve numerically the density matrix
equations system and apply it to a real system from the LiH molecule. We find that
the group index of the probe field can be changed from positive to negative within the
appropriate choice of the relative phase between the probe and coupling field phases,
the incoherent pumping rate and probe detuning.
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1. Introduction
In the last decade the investigation of the subluminal light propagation have made a
noise in the world thanks to its possible applications on quantnum memory, high-speed
optical switches, optical delay lines and optical communication [1, 2, 3, 4, 5, 6, 7] and
practical applications in optical delay lines [8, 9]. For the first time, Hau et al observed
in a ultracold gas of sodium atoms a subluminal group velocity as low as 17 m/s using
the electromagnetically induced transparency (EIT) [1]. Liu et al showed, with the aid
of EIT, that the light can be stopped in a magnetically trapped, cold cloud of sodium
atoms [4]. Theoretical studies showed that EIT is responsible for the light storage
and, therefore, the possibility to use light as quantum memory [2]. The same EIT was
the tool used to acquire the light storage for times greater than a second in a solid
praseodymium doped in Y2SiO5 [10].Wu and Deng reported ultraslow optical solitons
in a cold four-state medium [11].
Wang et al used gain-assisted linear anomalous dispersion to demonstrate the
superluminal group velocity in atomic caesium gas [12], and they showed that the
group velocity can exceed the speed of light in vacuum and even become negative.
The superluminal or negative group velocity respects the causality being thought of
as a pulse-reshaping phenomenon [13] and its inverse has a physical significance in
connection with the flow energy in light pulses [14], unbraking the relativity theory
principle which stipulates that the maximum speed is the light speed c (≈ 3 · 108 m/s).
The control of the group velocity can be accomplished through the electromagnet-
ically induced transparency and electromagnetically induced amplification [15, 16, 17,
18, 19, 20]. Based on the Λ scheme, with the lower levels coupled by a field, proposed
by Agarwal et al [18], the experiments carried out on the single atomic transition of the
Cs atomic vapour [15] and Rb atomic vapour [16] with a standing-wave coupling field
have shown the change from subluminal to superluminal group velocity.
The spontaneously generated coherence appears as a result of quantum interference
produced by spontaneous decay. For the first time Javanien [21] shows the possibility for
a Λ system with near-degenerated levels to achieve a spontaneously generated coherence
(SGC), as a superposition of two receiving states of the spontaneous emission from a
single excited state. Effects of the SGC on the group velocity was studied for closed
three level Λ systems with incoherent pump fields [22] and with a strong coupling field,
weak probe field and incoherent pump field [23]. Dutta et al considered a three-level
Λ-type system from the LiH molecule [23]. We will study a three-level V-type system
built from other states of LiH molecule than those used in above mentioned paper.
The subluminal or superluminal group velocity appears in a V-type system with
spontaneously generated coherence in the presence of an incoherent pump field [24] and
without it [19, 25]. In the case of a weak probe field it was determined the relative phase
related to the parameters of the specific system for which the group velocity of the weak
probe field is reduced and the probe pulse had undistorted shape [25]. The dependence
of the group velocity on the incoherent pumping rate was studied in the presence of
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the SGC and in its absence, but without phase dependence [24]. Bai et al observed
a positive group velocity in the absence of the incoherent pump field and a negative
group velocity in its presence. The relative phase of the probe and coupling fields can
switch the group velocity of the probe field between the subluminal and superluminal
range in a V-type system without incoherent pumping field [26]. In this paper we apply
our general analytical formulas, without constraints on system parameters, from our
previous work [27] to obtain the analytical formula of the probe field group velocity
for a closed three level V-type system with spontaneously generated coherence in the
presence of an incoherent pumping field. We study also another kind of a three-level
V-type system in which the all three fields, the probe, the coupling and the incoherent
pumping fields drive both optical allowed transitions. This system was not studied
before to the best our knowledge. In this case, the density matrix system equations are
solved numerically for a closed three-level V-type system from LiH molecule built using
the external field method [28], a real V-type system which was studied by us from the
point of view of amplification without population inversion and high refractive index
without absorption [29]. Consequently our results can be applied to a real molecular
system which can be used in an experiment.
A short description of both theoretical systems and their evolution in the density
matrix formalism is presented in Section 2, which has two subsections 2.1 and 2.2. The
Subsection 2.1 is devoted to the three-level V-type system where the probe and coupling
fields drive only one transition, while in Subsection 2.2 we present the other kind of
three-level V-type system in which the three fields act on both transitions. We achieve
the expression of the probe field group velocity in Section 3 for the two kinds of the
V-type system in two subsections. The analytical formula of the group velocity for the
first kind of a threee-level V-type system is obtained in Subsection 3.1 while Subsection
3.2 is devoted to the formula of the probe field velocity for the V-type system of the
second kind. In the Section 4 are presented the numerical results in two subsections.
First of them, Subsection 4.1 contains theoretical results from analytical formula of the
group velocity and in the second one, Subsection 4.2, is described the real system from
the LiH molecule with numerical results related to the group index. We conclude about
our achievements in Section 5.
2. The systems and density-matrix equations
As we mentioned before we study two kinds of the three-level V-type systems with two
very close excited states |1〉 and |2〉 and a ground state |3〉. In first of them the electric
dipole transition moments are chosen so that one field acts on only one transition. The
second one is built as the all three fields, probe, coupling and incoherent pumping fields
act on both transitions. All-over this paper we use the SI units.
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Figure 1. (a) The three level V-type system with two near-degenerated excited states
|1〉, |2〉 and a ground level |3〉. (b) The electric dipole transition moments are chosen
so that one field acts on only one transition.
2.1. The V-type system of the first kind
The most studied three-level V-type system is drawn schematically in figure 1(a). The
transition |2〉 ↔ |3〉 with frequency ω23 are driven by a coupling field (−→E 2 = −→ǫ 2e−iω2t+
c.c.) with the Rabi frequency 2Gc = 2
−→ǫ 2 · −→d 23/h¯. A probe field (−→E 1 = −→ǫ 1e−iω1t+ c.c.)
with the Rabi frequency 2gp = 2
−→ǫ 1·−→d 13/h¯ is applied between the states |1〉 and |3〉. The
transition |1〉 ↔ |3〉 with the frequency ω13 is pumped with a rate 2Λ by an incoherent
field. The detunings of the probe field and the coupling field are ∆1 = ω13 − ω1 and
∆2 = ω23 − ω2, respectively. The rates of spontaneous emission from levels |1〉 and |2〉
to ground level |3〉 are denoted by 2γ1 and 2γ2, respectively.
The semiclassical Hamiltonian of this system in the interaction picture, in a
rotating-wave frame is written as
H = −h¯(gpei∆1t|1〉〈3|+Gcei∆2t|2〉〈3|+H.c.). (1)
The two excited states, |1〉 and |2〉 must be very close. Consequently the probe
field absorption and dispersion depend on the probe and coupling field phases and
the existence of the spontaneously generated coherence is related to the complex Rabi
frequencies 2gp and 2Gc. We write the Rabi frequencies in the form 2gp = 2ge
iφp
and 2Gc = 2Ge
iφc , where we denoted φp and φc the phases of the probe field and
the coupling field, respectively. The quantities 2g and 2G are considered real. The
system of the density-matrix equations under the rotating-wave approximation, Markov
approximation and dipole approximation, with the phenomenological inclusion of the
unidirectional incoherent pump terms and the spontaneous dumping terms, in the steady
state case, are
−2γ1ρ˜11 + 2Λρ˜33 − ηeiφρ˜12 − ηe−iφρ˜21 + igρ˜31 − igρ˜13 = 0
−2γ2ρ˜22 − ηeiφρ˜12 − ηe−iφρ˜21 + iGρ˜32 − iGρ˜23 = 0
−(γ1 + Λ+ i∆1)ρ˜13 − ηe−iφρ˜23 + ig(ρ˜33 − ρ˜11)− iGρ˜12 = 0
−[γ1 + γ2 + i(∆1 −∆2)]ρ˜12 + igρ˜32 − iGρ˜13
−ηe−iφ(ρ˜11 + ρ˜22) = 0
−(γ2 + Λ− i∆2)ρ˜23 − ηeiφρ˜13
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−igρ˜21 + iG(ρ˜33 − ρ˜22) = 0 (2)
The parameter η describes the quantum interference between spontaneous emission
from excited levels |1〉 and |2〉 to ground level |3〉 and depends on θ, the angle between
the two dipole momentum
−→
d 13 and
−→
d 23, η = η0
√
γ1γ2 cos θ, where η0 ≡ (ω23/ω13)3/2
[30]. The SGC effects are important only for small energy spacing between the two
excited levels [31], and for high energy spacing such effects will disappear [32]. As the
excited levels |1〉 and |2〉 are near-degenerated, then ω23 ≈ ω13 and η0 ≈ 1. The condition
to have spontaneously generated coherence is η 6= 0, which means that we must have a
nonorthogonal dipol momentum of the two transitions. Therefore we choose the dipole
momentum so that one field acts on one transition (
−→
d 13 ⊥ −→ǫ 2, −→d 23 ⊥ −→ǫ 1) as it can
be shown in figure 1(b). Rabi frequencies are connected to the angle θ by the relations
2gp = 2|−→E 1||−→d 13| sin θ/h¯ and 2Gc = 2|−→E 2||−→d 23| sin θ/h¯. The influence of the angle θ on
the probe coefficient absorption and refractive index was evidenced in our paper [33].
The nonorthogonality of the dipolar momentum can be achieved from the mixing of the
levels arising from internal [34] or external fields [35, 36, 37, 38, 39].
The states |2〉 and |3〉 are dressed by the strong coupling field. The dressed states
are written as
|+〉 = cosα|2〉+ sinα|3〉
|−〉 = − sinα|2〉+ cosα|3〉, (3)
where 0 ≤ 2α < π, tg(2α) = −2G/∆2. The eigenvalues corresponding to the two dressed
states have the expresions h¯λ+ = h¯(∆2+
√
∆22 + 4G
2)/2 and h¯λ− = (∆2−
√
∆22 + 4G
2)/2,
respectively. This type of the dressed states will be used for the building of a three-level
V-type system of the second type from the real system of LiH molecule.
We have derived the analytical solution of the system (2) in the general case without
restrictions on the probe and coupling field, in all order of g and G in our previous article
[27] and we shall use below.
2.2. The V-type system of the second kind
There is the possibility that the probe, the coupling and the incoherent pumping fields
act on both transtions from the three-level V-type system described in the previous
section, the transitions between the excited levels |1〉 and |2〉 to ground level |3〉.
In this case appear two additional Rabi frequencies of the probe and coupling fields,
2g′p = 2
−→
E 1 · −→d 23/h¯ and 2G′c = 2−→E 2 · −→d 13/h¯, respectively. Assuming that the two
laser angular frequencies have almost the same values, i.e. ω1 ≈ ω2 the semiclassical
Hamiltonian of this system in the interaction picture, in a rotating-wave frame will be
H = −h¯[(gp +G′c)ei∆1t|1〉〈3|+ (Gc + g′p)ei∆2t|2〉〈3|+H.c.]. (4)
Using the same formalism as in the previous subsection we obtain the system of
equations for the density matrix elements as
−2γ1ρ˜11 + 2Λρ˜33 − ηeiφρ˜12 − ηe−iφρ˜21 + i(g +G′)ρ˜31 − i(g +G′)ρ˜13 = 0
Parametric control of the group velocity 6
−2γ2ρ˜22 + 2Λρ˜33 − ηeiφρ˜12 − ηe−iφρ˜21 + i(G+ g′)ρ˜32 − i(G+ g′)ρ˜23 = 0
−(γ1 + 2Λ + i∆1)ρ˜13 − ηe−iφρ˜23 + i(g +G′)(ρ˜33 − ρ˜11)− i(G + g′)ρ˜12 = 0
−(γ2 + 2Λ− i∆2)ρ˜23 − ηeiφρ˜13 − i(g +G′)ρ˜21 + i(G+ g′)(ρ˜33 − ρ˜22) = 0
−[γ1 + γ2 + i(∆1 −∆2)]ρ˜12 − ηe−iφ(ρ˜11 + ρ˜22)+
i(g +G′)ρ˜32 − i(G + g′)ρ˜13 = 0 (5)
with g, g’, G, G’ the real Rabi frequencies corresponding to the complex Rabi frequencies
gp, g
′
p, Gc and G
′
c, respectively. This system of linear equations differs from the system
of linear equations (2) by the appearance of the term 2Λρ˜33 in the second equation. The
other equations have the same terms as (2), where the Λ, g and G are replaced by 2Λ,
g +G′ and G+ g′, respectively.
We shall use the model proposed by Ficek and Swain to develop a Vee-type system
of the second kind with antiparallel dipole moments, which consist in appling a strong
laser field to one of the two transitions in a Lambda-type system [28]. We chose the real
three level Λ system from LiH molecule and the data from the paper of Bhattacharjee
et al [40].
3. The group velocity
The group velocity vg of an electromagnetic field is defined as
vg =
dω
dk
=
c
n + ω dn
dω
, (6)
where ω is the field frequency, k is the wave number, n is the refractive index of the
medium and c is the vacuum light speed. In a dilute medium the index of refraction is
related to the real part of dielectric susceptibility of the medium Reχe by the relation
n = 1 + Reχe/2 in SI. Consequently the group velocity depends on the dielectric
susceptibility
vg =
c
1 + 1
2
Reχe +
ω
2
dReχe
dω
. (7)
We can use a more confortable quantity, named group index ng = c/vg. If ng > 1 then
group velocity is lower than the vacuum speed velocity and the field has a subluminal
group velocity. Otherwise, ng < 1, and the field has a superluminal group velocity.
3.1. The analytical formula in the case of the V-type system of the first kind
For the three level V-type system of the first kind the susceptibility of the medium at
the probe field is proportional with the density matrix element ρ˜31
χe =
2Nd231
h¯ǫ0g
ρ˜31, (8)
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where N is the density of the V-type systems and ǫ0 is the vacuum dielectric permittivity.
From relations (5), (6) and our prior analytical results of the density matrix element ρ˜31
[27], we derive the quantity ng − 1
ng − 1 = Nd
2
31
h¯ǫ0g
[Reρ˜31 − ω1dReρ˜31
d∆1
]. (9)
Starting from the expression (4) of Reρ˜31 and the relations which are detailed in the
Appendix of the previous paper [27] is straightforward to obtain the analytical expression
of dReρ˜31/d∆1. The exhaustive formula of the derivative of the Reρ˜31 with respect to
the probe detuning ∆1 is written in the Appendix of this work.
3.2. The expression in the case of the V-type system of the second kind
The polarization of the medium which consists in three-level V-type systems of the
second kind, by the probe field is
−→
P (ω1) = NTr(ˆ˜ρ
−ˆ→
d )
= 2N(ρ˜13
−→
d 31 + ρ˜23
−→
d 32) (10)
where Tr represents the trace and N is the density of the V-type systems of the second
type. Also, the polarization of the medium by the probe field,
−→
P (ω1) is directly
proportional with the electric susceptibility of the medium χe and the electric probe
field
−→
E 1
−→
P (ω1) = ǫ0χe(ω1)
−→
E 1. (11)
For the three-level V-type system that we will obtain in the LiH molecule, the electric
dipoles
−→
d 13 and
−→
d 23 are antiparallel. The fact that the probe and coupling fields
drive and couple both transitions |1〉 → |3〉 and |2〉 → |3〉 implies that there are no
restrictions over the field polarizations and allow us to choose the electric polarizations
−→ǫ 1 parallel with the dipole transition moment −→d 13 and −→ǫ 2 parallel with the dipole
transition moment
−→
d 23. Therefore, the electric susceptibility becomes
χe =
2N
ǫ0E1
(ρ˜13d31 − ρ˜23d32). (12)
With this choice of the electric field polarizations the real Rabi frequencies have the
expressions 2g = 2E1d13/h¯, 2g
′ = −2E1d23/h¯, 2G = 2E2d23/h¯ and 2G′ = −2E2d13/h¯.
From the relations (7) and (12) the group index of the probe field can be written
ng − 1 = Nd13
ǫ0h¯g
{d13[Reρ˜13 − (ω13 −∆1)dReρ˜13
d∆1
]
−d23[Reρ˜23 − (ω13 −∆1)dReρ˜23
d∆1
]}. (13)
We will use the above formula in our numerical calculations and will present and discuss
the results in the Subsection 4.2.
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Figure 2. The group index of the probe field ng − 1 via relative phase φ of the V-
type system of the first kind with the parameters γ1 = 1Hz, γ2 = 0.4γ1, Λ = 0.5γ1,
∆2 = 0.01γ1, g = 0.04γ1, G = 60γ1, ω1 = 10
11γ1 and (a) ∆1 = 0,±40γ1,±80γ1, (b)
∆1 = ±60γ1.
4. Numerical results
We do numerical calculations of the group index ng − 1 related to the parameters of a
theoretical three-level V-type system of the first kind by using the analytical formulas
(9) and (A.1). We achieve the values of the relative phase, incoherent pumping rate
and probe detuning for which the group velocity of the probe field is lower or greater
than the light speed in vacuum. A real three-level V-type system of the second kind
obtained from the three vibrational levels of the LiH moecule is investigated to find how
the group velocity of the probe field can be changed from subluminal to superluminal.
4.1. The V-type system of the first kind
In our numerical calculations we considered a three-level V-type system of the first
kind with the parameters γ1 = 1Hz, γ2 = 0.4γ1, ∆2 = 0.01γ1, g = 0.04γ1, G = 60γ1,
ω1 = 10
11γ1 and θ = π. In figure 2 are plotted the graphics of the group index ng − 1
versus the relative phase φ for some probe field detunings ∆1 and Λ = 0.5γ1. The
change of the relative phase φ leads to the periodically transition of the group velocity
from the subluminal (ng − 1 > 0) to superluminal (ng − 1 < 0) regimen. The graphics
for the probe field detuning with opposite signs are dephased with π.
From figure 2(a) we observe that the highest values of the index group are obtained
for the detuning of the probe field given by the frequency formula of the dressed state
|+〉 from the relation (3), ∆1 = (∆2 +
√
∆22 + 4G
2)/2 = 60.005γ1. The group index
ng − 1 for the probe field detuning ∆1 = 60γ1 is of the order 1024 while for the other
values of the probe field detuning is lower with two order of magnitude. For this reason
we shall choose in the next calculations the probe field detuning as 60γ1.
As we mentioned in the introduction, our goal is to find the combined effect of the
relative phase and the incoherent pumping rate on the group velocity of the probe field.
The figure 3 emphasizes the behaviour of the group index ng−1 when the relative phase
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Figure 3. Three-dimensional plot of the group index ng − 1 (vertical axis) versus
relative phase φ of the probe and coupling fields (horizontal axis across the page)
and the incoherent pumping field Λ/γ1 (horizontal axis into the page) with the other
parameters same as in figure 2.
φ and the incoherent pumping rate Λ vary from zero to 2γ1.
For any value of the incoherent pumping rate of the probe field Λ between 0 and 2γ1
the probe field exhibits a group velocity lower than the speed of light c or higher than
c with the period 2π of the relative phase φ. At the same time with the increase of the
incoherent pumping rate of the probe field Λ the highest positive values of the group
index ng − 1, obtained for relative phase φ = 3π/2 decrease and the lowest negative
values, obtained for φ = π/2 increase. The same behaviour can be seen for an extended
domain for the incoherent pumping rate Λ from 2γ1 to 60γ1 in the figure 4.
The group velocity of the probe field vg is superluminal for any incoherent pumping
rate Λ and relative phase 0 < φ < π and subluminal for π < φ < 2π. With the
increase of the incoherent pumping rate Λ and φ in the range 0 < φ < π the group
index ng − 1 = c/vg − 1 increases, that means the group velocity of the probe field
vg decreases. In the other domain of the relative phase π < φ < 2π the group index
ng − 1 = c/vg − 1 decreases and correspondingly the group velocity vg increases. In
the case of the relative phase φ = π for incoherent pumping rate Λ ≤ 0.9γ1 the group
velocity of the probe field is superluminal (ng − 1 < 0) and for the incoherent pumping
field Λ ≥ γ1 the group velocity vg is subluminal (ng − 1 > 0). For the relative phase
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Figure 4. The group index ng − 1 versus the incoherent pumping field Λ/γ1 for (a)
φ = 0,±pi,±2pi, (b) φ = pi/6, pi/3, pi/2 and (c) φ = −pi/6,−pi/3,−pi/2. The other
parameters are same as in figure 2.
φ = 2kπ, k integer number, the group velocity of the probe field is higher than the
velocity of the light c when the incoherent pumping rate Λ ≤ γ1 and Λ > 8.4γ1. The
figures 3 and 4 shows us, also, for the incoherent pumping rate γ1 < Λ ≤ 8.4γ1 and
relative phase φ = 2kπ, k integer number, one has vg < c. We can observe from the
figures 4 (b) and (c) that the group index is oposite in sign for relative phase oposite in
sign, i.e. ng(−φ) = −ng(φ). Therefore, the group index is an odd function in relative
phase φ, for any φ 6= 2kπ, where k is an integer number.
Parametric control of the group velocity 11
Figure 5. (a) LiH molecule Λ system consisted of the excited level A1Σ+(v = 1, j = 1)
and vibrational states X1Σ+(v = 1, j = 0) and X1Σ+(v = 0, j = 0) of the ground
level. An external strong laser field couples the two excited levels named |1〉 and |2〉.
(b) The subsystem with the upper dressed states |a〉 and |b〉 and the ground level
X1Σ+(v = 0, j = 0) form a three-level Vee-type system with the dipole moments of
the two transitions,
−→
d a3 and
−→
d b3, antiparallel.
4.2. The V-type system of the second kind in LiH molecule
As we mentioned in the Subsection 3.2 we will solve the system of equations (5) and
will use the relation (13) for the group index ng − 1 in the case of the V-type system of
the second kind in LiH molecule, which we have described in our previously work [29].
Let us apply a strong field between A1Σ+(v = 1, j = 1) and X1Σ+(v = 1, j = 0)
states of the LiH molecule (see figure 5 (a)). It then produces the dressed states
|a〉 = sinψ|2〉+ cosψ|1〉
|b〉 = cosψ|2〉 − sinψ|1〉 (14)
with 0 ≤ 2ψ < π, tg(2ψ) = −2GL/∆L, where GL is the real Rabi frequency of the strong
coupling field and ∆L the detuning of the strong laser frequency from the molecular
transition |1〉 → |2〉 [41]. The separation energy between the two dressed states |a〉 and
|b〉 are equal with h¯Ω, where Ω =
√
∆2L + 4G
2
L.
To build a V-type system of the second kind these two dressed states (|a〉 and |b〉)
are used as two upper levels and coupled to the ground level X1Σ+(v = 0, j = 0) by
probe and strong coupling fields, respectively (see figure 5). We find that the dipole
matrix elements between the dressed states and the ground level are
−→
d a3 =
−→
d 13 cosψ
and
−→
d b3 = −−→d 13 sinψ, where −→d 13 is the dipole transition moment between A1Σ+(v =
1, j = 1) and X1Σ+(v = 0, j = 0) states. Thus, the two dressed states |a〉, |b〉 and the
ground state X1Σ+(v = 0, j = 0) bahave as a V-type system with antiparallel electric
dipole transition moments. We consider that the weak probe laser, coupling laser and
incoherent pumping laser act on both transitions between the dressed states |a〉, |b〉 and
the ground state |3〉. We keep the notations from our paper [29].
For this three-level V-type system of the second kind from the relation (13) the
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Figure 6. Group index ng − 1 versus the probe detuning ∆p/γa for the incoherent
pumping rate (a) Λ = 0, (b) Λ = 0.5γa (solid line), 0.7γa (dashed line), 0.8γa (dotted
line), 0.95γa (dot-dash line), (c) Λ = γa and (d) Λ = 10γa. The other parameters of the
three-level V-type system of the second kind from the LiH molecule are γa = 2.475 ·104
Hz, γb = 0.33γa, g = 0.033γa, g
′ = −0.019γa, G = 235.35γa, G′ = −407.64γa, φ = pi,
cosψ = 0.5, N = 1012 molecules/cm3.
group index of the probe field ng − 1 in SI units becomes
ng − 1 = Nda3
ǫ0h¯g
{da3[Reρ˜a3 − (ωa3 −∆p)dReρ˜a3
d∆p
]
−db3[Reρ˜b3 − (ωa3 −∆p)dReρ˜b3
d∆p
]}. (15)
In figure 6 are drawn the graphics representing the dependence of the group index
ng − 1 on the probe detuning ∆p/γa for different values of the incoherent pumping
rate Λ = 0, 0.5γa, 0.7γa, 0.8γa, 0.95γa, γa and 10γa and the parameters of the system
γa = 2.475 · 104 Hz, γb = 0.33γa, g = 0.033γa, g′ = −0.019γa, G = 235.35γa,
G′ = −407.64γa, φ = π, cosψ = 0.5, N = 1012 molecules/cm3. With γa we denoted the
spontaneous decay rate of the dressed state a and with γb the spontaneous decay rate
of the dressed state b.
It can be seen that for probe field detunings no so higher than the Rabi frequency
G = 235.35γa the group velocity of the probe field is subluminal for the incoherent
pumping rate Λ < γa and superluminal for Λ ≥ γa. At the values of the probe field
detuning ∆p very far with the Rabi frequency G the behaviour of the group velocity
is inversely. We choose the probe field detuning ∆p equal with the Rabi frequency G,
same as in our previous paper [29].
The variation with the relative phase φ of the group index of the probe field
ng − 1 is shawn in the figure 7 for some values of the incoherent pumping rate Λ:
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Figure 7. Group index ng−1 versus relative phase φ between the probe and coupling
fields for different incoherent pumping rate Λ. The other system parameters are same
as in figure 6 and ∆p = G.
0, 0.33γa, 0.5γa, 0.9γa (see figure 7 (a)), γa, 2γa and 10γa (see figure 7 (b)).
The group index ng−1 of the probe field varies periodically with the relative phase
φ, with the period 2π, same as for the three-level V-type system of the first kind. In the
case of the incoherent pumping rate Λ ≤ 0.33γa the group index is positive, that means
the group velocity of the probe field is lower than the speed of light c for any relative
phase φ as can be seen in figure 7 (a). At the same time if the incoherent pumping rate
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Figure 8. Group index ng − 1 versus incoherent pumping rate Λ/γa for some relative
phase φ. The other system parameters are same as in figure 7.
Λ > γa, then the group index is negative and the group velocity is higher than the speed
of light in vacuum c, for any relative phase (see figure 7 (b)). For the intermediate values
of the incoherent pumping rate Λ the group index of the probe field ng − 1 is positive
or negative, dependent on φ. That means the group velocity changes from subluminal
to superluminal along with the variation of the relative phase.
In figure 8 is illustrated the dependence of the group index on the incoherent
pumping rate Λ, for some values of the relative phase φ.
When the incoherent pumping rate increases the group index decreases, and
consequently the group velocity increases. This behaviour of the group index is the
same for any value of the relative phase φ. Also, the graphics are the same for the
relative phase with opposite sign, i. e. (ng − 1)(φ) = (ng − 1)(−φ). Hence, the group
index is an even function in φ. This feature for φ 6= 2kπ, where k is an integer number,
is distinct on the case of the three-level V-type system of the first kind, when the group
index is an odd function in relative phase φ. One can remark the period of 2π in relative
phase φ of the group index, i. e. (ng − 1)(φ+2π) = (ng − 1)(φ). As examples, the plots
of the group index from the figure 8 coincide for relative phase φ equals with 0 and 2π,
π and −π, −π/2 and 3π/2 and for −π/3 and 5π/3.
The V-type system of the second kind in the heterogeneous molecule LiH is a
real example of a system in which the probe field can achive both subluminal and
superluminal group velocity.
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5. Conclusions
We studied two kinds of the three-level closed V-type systems. In first of them the
probe, coupling and incoherent pumping fields act only on one transition, while in the
V-type system of the second kind the all fields act on both optical allowed transitions.
For the V-type system of the first kind we considered a theoretical system and for the
V–type system of the second kind we analyzed a real system from the heterogeneous
LiH molecule. We found that in both kinds of the three-level V-type systems the proper
choice of the relative phase between the probe and coupling fields and the incoherent
pumping rate leads to the subluminal or superluminal propagation of the probe field.
The group index of the probe field varies priodically with relative phase φ, being higher
or lower than the speed of light in vacuum c. The probe field changes its group velocity
from subluminal to superluminal periodically with the variation of the relative phase
φ, for any value of the incoherent pumping rate Λ in the case of the V-type system of
the first kind. The periodicity with the relative phase of the group index of the probe
field remains the same for the V-type system of the second kind from LiH molecule,
but the probe field exhibits a subluminal or superluminal group velocity depending on
the relative phase only for the incoherent pumping rate Λ lower than the spontaneous
decay rate of the highest dressed state γa and higher than the value 0.33γa. When the
incoherent pumping rate exceeds the value γa the probe field has a superluminal group
velocity and when the incoherent pumping rate is lower than the value 0.33γa the probe
field has a subluminal group velocity, for any value of the relative phase. The V-type
system from the LiH molecule is a real system which can be used in experiments to
obtain subluminal or superluminal group velocity of the probe field, using the relative
phase and the incoherent pumping control.
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Appendix
Using the expression of the real part of the density matrix element ρ˜31, relation (4) from
[27], we obtain the formula of the derivative with respect to the probe field detuning ∆1
as
dReρ˜31
d∆1
=
M
N
, (A.1)
where the numerator M is
M = A2(b′1c1 − b1c′1) + AC(b′1c7 − b1c′7 + b′2c1 − b2c′1)
+AD(b′1c4 − b1c′4 + b′3c1 − b3c′1) + CD(b′2c4 − b2c′4 + b′3c7 − b3c′7)
+(A′C − AC ′)(b1c7 − b2c1) + (A′D −AD′)(b1c4 − b3c1)
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+C2(b′2c7 − b2c′7) + (AC ′ − A′C)(b2c1 − b1c7)
+(C ′D − CD′)(b2c4 − b3c7) +D2(b′3c4 − b3c′4) (A.2)
and prime means the derivative with respect to the probe field detuning ∆1. The
denominator N is
N = (c1A+ c7C + c4D)
2, (A.3)
with the parameters bi, i = 1− 3, cj, j = 1− 9 defined in the Appendix of [27] and new
quantities
A = c5c9 − c6c8 (A.4)
C = c2c6 − c3c5 (A.5)
D = c3c8 − c2c9. (A.6)
The derivatives which appear in the expressions of M and N are
b′1 = Ληγ2 cosφ[gη cosφ+G(γ2 + Λ)] (A.7)
b′2 = γ
2
2(γ1 + Λ)(γ1 + γ2){gΛη{γ2(γ1 + Λ)(γ2 + Λ) sinφ
+[x∆2 − η2(γ2 + Λ) sinφ cosφ] cosφ
−2Gγ1(γ2 + Λ)(∆1 −∆2)x} (A.8)
b′3 = γ
2
2(γ1 + Λ)(γ1 + γ2)x{ΛηG(γ2 + Λ) sinφ
+g[2(∆1 −∆2)(γ2 + Λ)(Λ− γ1) + η2Λ sinφ cosφ]} (A.9)
c′1 = 2(∆1 −∆2)γ2(γ1 + Λ)[(γ1 + Λ)(γ2 + Λ)− η2 cos2 φ] (A.10)
c′2 = −g2[γ2(γ1 + Λ)(γ1 + γ2)− γ1η2 cos2 φ] + gGηγ2(γ1 − γ2) cosφ
+2(∆1 −∆2)γ2(γ1 + Λ)[η2 sin φ cosφ−∆1(γ2 + Λ)]− (γ2 + Λ)y
+η2γ2(γ1 + γ2)
2 +G2γ2(γ1 + Λ)(γ2 + Λ) (A.11)
c′3 = g
2(γ2(γ1 + Λ))
2η cosφ+ gG[γ2(γ1 + Λ)(γ2 + Λ)− γ1η2 cos2 φ]
−G2ηγ1(γ2 + Λ) cosφ+ 2η(∆1 −∆2)γ2(γ1 + Λ)[(γ2 + Λ) sinφ−∆2 cosφ] (A.12)
c′4 = −γ2(γ1 + γ2)(γ1 + Λ)x{g2[γ2(γ1 + Λ)(γ1 + γ2) + η2 cos2 φ(γ2 − Λ)]
−gGη cosφ[γ2(γ1 + Λ)− (2γ2 + γ1 − Λ)(γ2 + Λ)]
+2(∆1 −∆2)γ2(γ1 + Λ)[∆1(γ2 + Λ) + η2 sinφ cosφ]
+y(γ2 + Λ)−G2γ2(γ1 + Λ)(γ2 + Λ)} (A.13)
c′5 = γ2(γ1 + Λ)
2g{g2{(γ1 + γ2)(γ1 + γ2 − Λ)η2x sin φ cosφ
+4(∆1 −∆2)γ2(γ2 + Λ)[(γ1 + γ2)η2 cos2 φ− γ2(γ1 + Λ)(γ1 + γ2)]}
+gGxη sinφ(γ1 + γ2)(γ1 + γ2 − Λ)(γ2 + Λ)
+2(∆1 −∆2)γ2(γ1 + Λ)(γ1 + γ2)x[η2 sin2 φ− (γ1 + Λ)(γ2 + Λ)]} (A.14)
c′6 = −(γ2(γ1 + Λ))2g{g2η(γ1 + γ2)x{(2γ2 + γ1 − Λ)∆2 cosφ
−[2γ2(γ1 + γ2) + Λ(2γ2 + γ1 − Λ)] sinφ}
+gGx(γ1 + γ2)[2(γ2 + Λ)(∆1 −∆2)(γ1 − Λ)−
∆2γ2(γ1 + Λ) + η
2γ1 sin φ cosφ]
Parametric control of the group velocity 17
+η(γ1 + γ2)x{2γ2(γ1 + Λ)(∆1 −∆2)[(γ2 + Λ) cosφ+∆2 sin φ]
+G2γ1(γ2 + Λ) sinφ}} (A.15)
c′7 = γ2(γ1 + Λ)(γ1 + γ2)x{g2 cosφηγ2(γ1 + Λ)
−gG{(2γ1 + γ2 + Λ)η2 cos2 φ− γ2(γ1 + Λ)(2γ2 + Λ)}
−2(∆1 −∆2)γ2(γ1 + Λ)η[∆2 cos φ+ (γ2 + Λ) sinφ]
−G2η(γ2 + Λ)(2γ1 + γ2 + Λ) cosφ} (A.16)
c′8 = γ2(γ1 + Λ){g2η{η2 sin φ cos2 φγ2(γ1 + γ2 + 2Λ)(γ1 + γ2)
−γ22(γ1 + Λ)[(2∆1γ2 +∆2γ1) cosφ+ (γ1 + γ2)(2γ2 + γ1 + 2Λ) sinφ]
+η2γ2∆2(γ1 + γ2) cos
3 φ}
−gG{2(∆1 −∆2)γ2(γ2 + Λ)[γ2(γ1 + Λ)(2γ1 + γ2 + Λ)− (γ1 + γ2)η2 cos2 φ]
−xη2(γ1 + γ2)(2γ1 + γ2 + Λ) sinφ cosφ
+γ2(γ1 + Λ){(γ1 + γ2)η2 cos φ(∆2 cosφ− γ2 sinφ)
+γ2(γ1 + Λ)[∆2(2γ2 − γ1 + 2Λ)− 2∆1(2γ2 + Λ)]}}
−η{2(∆1 −∆2)γ2(γ1 + Λ){(γ2 + Λ){γ2(γ1 + Λ)[(∆1 −∆2) sinφ
+(γ1 + γ2) cosφ]− η2(γ1 + γ2) cosφ}
+ sinφ{η2 cosφ(γ1 + γ2)[(γ2 + Λ) sinφ+∆2 cosφ]
−γ2(γ1 + Λ)[∆2(γ1 − Λ) + ∆1(2γ2 + Λ)]}}
−yγ22(γ1 + Λ)−G2(γ2 + Λ)(2γ1 + γ2 + Λ)(γ1 + γ2)x sinφ}} (A.17)
c′9 = x(γ1 + γ2)γ2(γ1 + Λ){2g2γ2(γ1 + Λ)∆2
+gGη[(γ1 + γ2)(γ1 + γ2 + Λ) sinφ− (3γ1 + γ2 + Λ)∆2 cos φ]
−2(∆1 −∆2){∆22γ2(γ1 + Λ) + (γ2 + Λ)[G2(2γ1 + Λ) + γ2(γ1 + Λ)(γ2 + Λ)]} (A.18)
with x and y being
x = γ2(γ1 + Λ)− η2cos2φ (A.19)
y = γ2(γ1 + Λ)[(γ1 + γ2)
2 + (∆1 −∆2)2]− η2(γ1 + γ2)2. (A.20)
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